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A B S T R A C T

In a federated learning system, the objective is to train a global model over

distributed datasets without centralizing all data on a single unit. This is

accomplished by training a local model on the dataset of each data owner

and then aggregating these local models to preserve the datasets’ privacy. To

incentivize clients to actively engage in the learning process, fairness-aware

federated learning techniques can be employed. One such approach involves

quantifying the contribution of locally trained models in training the global

model by Shapley value (SV) using an additional dataset and rewarding them

according to their contributions. However, the calculation of the Shapley value

presents a significant challenge due to its high computational complexity. To

tackle this issue, our research presents a contribution-based federated learning

method that efficiently computes the contribution of each locally trained model

by distributing the additional dataset among processing nodes in a private

manner and calculating the Shapley value over them.

© 2025 ISC. All rights reserved.

1 Introduction

The past decades have witnessed a growth in high-
powered devices like mobile phones, generating

vast amounts of data across various platforms. There
is a growing interest in processing large datasets for
applications like behavior recognition [1], next-word
recommendation [2], and face detection [3], utilizing
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machine learning algorithms to extract knowledge
from the data. Decentralized data sources have led to
the development of federated learning. This approach
distributes data and computation across different
machines, enabling the training of models without the
need for extensive data collection or storage. In this
setting, some data owners possess private datasets,
and the objective is to train a model across all data
without exposing any private information.

In a federated learning system, each data owner
trains a local model on their private dataset and
sends it to a central master node. The master node
aggregates the locally trained models, performs com-
putations, and broadcasts the updated global model
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back to each data owner for the next training itera-
tion. Federated learning has been applied in various
domains [4], such as training next-word prediction
algorithms collaboratively on mobile phones [2] and
extracting statistical insights from sensitive organi-
zational data—for example, using hospital patient
records for privacy-preserving medical data analy-
sis [5]. Additionally, federated learning is utilized in
IoT systems [6], where real-time model updates are
essential, such as in autonomous vehicles. Across all
these applications, the primary focus remains on main-
taining data privacy while effectively training mod-
els and extracting valuable insights from distributed
datasets.

Despite its advantages, federated learning faces sev-
eral challenges, including communication complexity,
unbalanced system capacity, statistical heterogene-
ity, and privacy concerns [4]. While data owners do
not share their raw private data, studies such as [7]
have demonstrated that the master node can infer
certain information through model inversion attacks,
leading to potential privacy breaches. Some aggrega-
tion algorithms use secure multi-party computation
(SMC) to provide secure aggregation of local models,
such as lightSecAgg [8]. Additionally, differential pri-
vacy is a common approach for preserving the privacy
of local datasets, such as [9], [10], which guarantees
privacy at the cost of reducing efficiency. In differen-
tially private FL, data owners add noise to their local
models and send them back to the master. While this
approach keeps the models private, it may decrease
the convergence rate of the algorithm and reduce the
precision of the final model. Other approaches, such
as [11], provide privacy-preserving byzantine-tolerant
federated learning using coded computing.

One of the other challenges of FL is reliability,
which refers to how we can trust data owners to im-
plement the correct algorithm on their local data
and send the accurate model to the master. To ad-
dress this issue, fairness-aware federated learning ap-
proaches have been proposed. A survey on this topic
can be found in [12]. In [13], a contribution-based
FL system is proposed, in which the master incen-
tivizes the data owners based on their contribution
to the final model and they receive a reward based
on it. Moreover, more weight can be given to the lo-
cal model with more contribution in updating the
global model at each training round. Some of the
contribution-based FL systems use the Shapley value
for computing contribution, which is a fair method
in coalitional game theory to compute each player’s
contribution to the total payoff [14].

As we will see in Section 3, computing the Shapley
value requires evaluating a payoff function for each

permutation of the players; hence, it demands sig-
nificant computational power for all permutations of
data owners. Additionally, evaluating contributions
in a federated learning system may use a large la-
beled dataset, resulting in substantial computational
demands. Both factors slow down the model contribu-
tion evaluation step. In [15], it is shown that comput-
ing the Shapley value may take up to 99 percent of the
total computations in a federated learning system. To
tackle this challenge, the most common approach has
been to use the Monte Carlo sampling theorem [14].
Furthermore, [15] proposes a non-uniform sampling
method to improve sampling performance. However,
even with these methods, the contribution evaluation
step remains time-consuming.

Many efforts have been conducted recently to make
Shapley value computation more efficient in federated
learning. [16] attempts to apply the Shapley value to
create a fair, decentralized federated learning system
based on blockchain efficiently. [17] mentions several
estimation methods to make Shapley value computa-
tions more affordable and also proposes a new one.
Additionally, it discusses future directions such as fast
estimation, applications of the Shapley value beyond
federated learning, and applying privacy constraints
to local models using secure multi-party computa-
tion. In fact, the assessment of contributions requires
knowledge of local models, which may violate the
privacy of data owners’ local models.

In this paper, we introduce a new contribution-
based federated learning system based on distributed
coded computing to address the computational chal-
lenges of previous systems. In this system, data own-
ers have common features but possess different in-
stances of data. We compute each data owner’s contri-
bution using the Shapley value, and data owners may
receive payment or rewards based on their contribu-
tions. The contribution evaluation process is carried
out in a distributed manner to enhance system speed.
It is important to note that we distribute the eval-
uation dataset in a private manner to prevent data
owners from accessing and potentially exploiting it
to increase their contributions.

To preserve the privacy of the evaluation dataset,
we use Lagrange coded computing [18]. We demon-
strate that using LCC enables efficient Shapley value
computation while significantly reducing evaluation
time in terms of the size of the evaluation dataset.
Furthermore, we discuss how secure multi-party com-
putation can ensure the privacy of local models dur-
ing Shapley value computations.

The remainder of this paper is structured as follows:
Section 2 introduces relevant preliminaries, including
the Shapley value. Section 3 outlines the problem
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setting, and Section 4 details our proposed scheme.
Finally, in Section 5, we evaluate the computational
complexity of our approach and compare it to existing
methods.

2 Preliminaries

Before describing our proposed scheme, we need to
introduce some preliminaries.

2.1 Shapley Value (SV)

First, we introduce Shapley value. LetN = {1, . . . , n}
be a finite set of players. Each subset of N is called a
coalition, and the set N is called the grand coalition.
A coalitional game is defined by the pair (N , v), where
v : 2N ⇒ R is a payoff function relating each coalition
to its payoff, and v(∅) = 0. We need to define a
contribution value ϕi for each player i, ensuring a fair
division of the total payoff among players. This value
is defined based on some axioms.

First, the sum of all players’ contributions must
equal the grand coalition’s payoff (

∑
i ϕi = v(N )).

Second, for a dummy player i that v(S ∪ i) =
v(S),∀S ⊆ N\i, its contribution equals zero (ϕi = 0).
Third, if two players i and j have the same marginal
contributions across all coalitions, i.e. v(S ∪ i) =
v(S ∪ j),∀S ⊆ N\{i, j}, their contributions must be
the same. The last axiom is linearity which means
if we have two coalitional games (N , v) and (N , w),
each player’s contribution in the game (N , v + w)
must be the sum of that player’s contributions in each
game (ϕi(N , v + w) = ϕi(N , v) + ϕi(N , w),∀i ∈ N ).

For any coalitional game (N , v), Shapley value for
each player i is given by:

ϕi =
1

|Π(N )|
∑
π∈Π

[v(Pi
π ∪ {i})− v((Pi

π)] (1)

where Π(N ) is the set of all permutations of N , Pi
π is

the set of all players precede player i in permutation
π, and [v(Pi

π ∪ {i})− v(Pi
π)] is marginal contribution

of player i in permutation π [Shapley, 1953].

The aforementioned definition of contribution sat-
isfies all the constraints mentioned above. Moreover,
this is the only solution for evaluating contributions
that has all these properties [Shapley, 1953].

2.2 Lagrange Coded Computing (LCC)

We now describe Lagrange coded computing
(LCC) [18], a distributed coded computing method.
Consider a system consisting of a master and M
processing nodes. Suppose that f(x) is a polynomial
function of degree d, and the master is interested in
computing f(x) at K different private data points
A1, A2, . . . , AK (they may be either scalar, vector, or

matrix). Let R1, R2, . . . , RT be T random data points
of the same size as Ai’s, used to preserve the privacy
of the Ai’s. To do that the master generates K+T dis-
tinct and random numbers α1, α2, . . . , αK+T . Then
Polynomial P (x) is produced by Lagrange interpola-
tion in a way that P (αi) = Ai,∀i ∈ {1, 2, . . . ,K} and
P (αK+i) = Ri,∀i ∈ {1, 2, . . . , T}. By using Lagrange
interpolation, one can see that P (x) is as follows:

P (x) =

K∑
i=1

Ai.

K+T∏
j=1,j ̸=i

x− αj

αi − αj
(2)

+

T∑
i=1

Ri.

K+T∏
j=1,j ̸=i+K

x− αj

αi+K − αj

Then, The master sends P (β1), P (β2), . . . , P (βM ) to
the processing nodes 1, 2, . . . ,M , respectively, where
βi’s are some random elements of the field, distinct
from the αi’s. Then, each processing node i computes
f(P (βi)) and sends it back to the master. Note that
the polynomial f(P (x)) is of degree d(K + T − 1).
Therefore, the master can recover the polynomial
f(P (x)) if it has access to d(K + T − 1) + 1 points
on it. Consequently, it can compute f(Ai), which is
equal to f(P (αi)),∀i ∈ {1, 2, . . . ,K}.

As shown in [18], LCC is T -private, meaning that
even if T colluding nodes attempt to extract informa-
tion about Ai, LCC ensures that no information is
leaked. Additionally, the scheme is resilient to S strag-
gler nodes that may fail to return computed data, as
long as the master has access to S extra points of the
polynomial—equivalent to having S additional pro-
cessing nodes. Furthermore, if there are A adversarial
nodes that may send incorrect responses, using 2A
additional processing nodes ensures both security and
correctness through the Reed-Solomon error correc-
tion method. Thus, when the number of processing
nodes satisfies M ≥ d(K + T − 1) + S + 2A+ 1, the
computation can be performed securely and privately.

3 Problem Setting

Consider a federated learning system comprising a
master, N clients numbered 1 to N , and M process-
ing nodes. Each client i has access to a labeled dataset
Di = (Xi,Yi) = {(xi,1, yi,1), . . . , (xi,ni

, yi,ni
)} of size

ni, where xi,j is a feature vector and yi,j is the cor-
responding label, for all i ∈ {1, 2, . . . , N}. Addition-
ally, the master has a private evaluation dataset D =
(X ,Y) = {(x1, y1), . . . , (xn, yn)} of size n, used to as-
sess the contributions of local models. The goal is to
train a global model on the clients’ datasets while also
computing their individual contributions. The model
is assumed to be a polynomial function. To determine
the contributions, the master distributes the evalua-
tion dataset D among the M processing nodes using
secret sharing and calculates the Shapley value of lo-

ISeCure



254 Shapley Value for Federated Learning: A Distributed and Fair Framework — Sarzaeem et al.

cal models over them throughout T training rounds.
The proposed scheme has the following steps:

(1) Sharing: In this phase, the master shares
dataset D among the M processing nodes be-
fore the training rounds. The key consideration
in sharing datasets is to prevent clients from
obtaining any information about the private
dataset D. Otherwise, they could manipulate
their model updates to unfairly increase their
perceived contribution in training the final
model.

(2) Local Training: At training round t ∈
{1, . . . , T}, using the final model from the pre-
vious round, denoted as M (t−1), each client
trains a local model by minimizing a specific
loss function on its dataset. Clients then send
their model updates to the master and process-
ing nodes.

(3) Contributions Computing: Following local
training, processing nodes compute a contribu-
tion function over the coded dataset and trans-
mit this information back to the master.

(4) Finding Shapley Value: Finally, the mas-
ter extracts each client’s contribution from the
coded contributions received from the process-
ing nodes.

(5) Updating Model: The master aggregates local
models to compute a new global model M (t)

and broadcasts this updated model to clients
for the subsequent iteration.

4 General Scheme

In this section, the proposed scheme is detailed. First,
assume that we use polynomial models and there are
T training rounds where at each round t ∈ {1, . . . , T},
the master sends the final model of the previous round,
M (t−1), to each client. Each client i then trains a local

model M
(t)
i on its local dataset Di and subsequently

sends the gradient update, ∆i
t, to the master, which

is equal to:

∆
(t)
i = M

(t)
i −M (t−1)

Then, the master updates the global model using
the collected gradient vectors from the clients. To do
this, the master computes a weighted average of the
collected models, based on the size datasets as:

M (t+1) = M (t) +

N∑
i=1

ni

|DN |
∆

(t+1)
i (3)

where ni denotes size of Di and |DN |=
∑

i ni. Now,
let S be a subset of the locally trained models. We
define MS as:

MS = M (t) +
∑
i∈S

ni∑
j∈S nj

∆
(t+1)
i

i.e., MS is the global model in the case that the
master receives local models just from the subset S.
According to Equation 1, the contribution of each
client is measured by the Shapley value as follows:

ϕi =
∑

S∈{1,2,...,N}\{i}

v(S ∪ {i})− v(S)(
N−1
|S|

) (4)

where v(S) is the payoff function of model MS . For a
single test data (x, y), MS(x) denotes the correspond-
ing predicted label of x using model MS . Let g(y, ŷ)
be a goodness function, indicating the proximity of
y and ŷ, e.g., −(y − ŷ)2. Then, for a dataset D, the
payoff function v(S) is defined as:

v(S) =
∑

(x,y)∈D

g(y,MS(x)) (5)

By (4) and (5), computing clients’ contribution
has two challenges. First, the Shapley value requires
computing the marginal contribution for each subset
of clients, which is computationally expensive. Sec-
ond, computing the payoff function for each subset
of clients requires summing the function g over the
entire evaluation dataset D. Therefore, in practice,
computing marginal contributions is almost impossi-
ble.

To address the first challenge, methods based on
Monte Carlo estimation have been proposed. Consider
a permutation π : p1, p2, . . . , pN . Define Si

π as the set
of clients that precede client pi in the permutation.
Then, Equation 4 can be written as:

ϕi = Eπ∈Π[v(S
i
π ∪ {i})− v(Si

π)]

In these methods, instead of computing the marginal
contribution for each client across all permutations,
we randomly sample permutations. Via the Monte
Carlo estimation method, the master samples K per-
mutations π1, π2, . . . , πK from Π(N) randomly and
computes an estimate of the contributions as follows:

ϕi ≈
1

K

K∑
k=1

[v(Si
πk

∩ {i})− v(Si
πk
)] (6)

To be able to compute payoff function v(S) over
dataset D, the master computes modelS MSi

πk
for

each sampled permutation πk, k ∈ {1, 2, . . . ,K}
and each i ∈ {1, 2, . . . , N}. Then, it sends models
MS1

πk
, . . . ,MSN

πk
to the processing nodes.

To deal with the second challenge, the master
secret-shares the evaluation dataset D among the
M processing nodes. Note that this dataset must
be kept private, as the clients may receive payment
due to their participation in training the final model.
If a client learns any information about the private
dataset D, it might train its local model based on
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this information to increase its contribution and re-
ceive more rewards. To maintain privacy, we employ
LCC to share the dataset D. Assume that the size of
dataset D, n, is the product of two natural numbers
a and b, i.e. n = ab. The master partitions D into b
datasets, D′

1, D
′
2, . . . , D

′
b each of size a as follows:

D′
i = {(x(i−1)a+1, y(i−1)a+1), . . . , (xia, yia)}

Then, it constructs polynomials P1(x), . . . , Pb(x) ac-
cording to (2), such that:

P1(α1) = (x1, y1), . . . , P1(αa) = (xa, ya)

P2(α1) = (xa+1, ya+1), . . . , P2(αa) = (x2a, y2a)

...

Pb(α1) = (x(b−1)a+1, y(b−1)a+1), . . . , Pb(αa) = (xba, yba)

To preserve the privacy against u colluding pro-
cessing nodes, it adds some random points to each
polynomial as follows:

Pl(αa+1) = Rl,1, . . . , Pl(αa+u) = Rl,u, ∀l ∈ {1, 2, . . . , b}

where Rl,ts are random data points with the same
size as (x, y) in D. According to [18], one can see that
Pl(x) is of degree a+ u− 1. For each l ∈ {1, 2, . . . , b}
the master sends Pl(βj) = (x̃l,j , ỹl,j) to processing
node j, where βj is a random number assigned to
node j.

To compute Shapley value, each processing node
j computes MSi

πk
(x̃l,j) for all i, l, and sampled per-

mutation πk. In other words, for permutation πk and
client i ∈ {1, 2, . . . , N}, node j computes b values as
follows:

ŷj1 = MSi
πk
(x̃1,j), . . . , ŷ

j
b = MSi

πk
(x̃b,j)

One can see that if functions MSi
πk
(x) were polyno-

mial functions of degree r, values of ŷil would lie on
a polynomial of degree r(a+ u− 1). The processing
nodes then compute the goodness function g(ỹl,j , ŷ

j
l ).

Let us assume that g is a function of degree s. As a re-
sult, for each permutation πk, each client i, and each
polynomial Pl(x), the values g(ỹl,j ,MSi

πk
(x̃l,j)), will

lie on a polynomial of degree rs(a+u−1) like Qi,l(β).
By this point, each processing node j has access to
Qi,1(βj), . . . , Qi,b(βj). According to the properties of
LCC, we know that for each j ∈ {1, 2, . . . , a}:

Qi,1(αj) = g(yj ,MSi
π
(xj))

Qi,2(αj) = g(ya+j ,MSi
π
(xa+j))

...

Qi,b(αj) = g(y(b−1)a+j ,MSi
π
(x(b−1)a+j))

(7)

According to (5), v(Si
π) =

∑
(x,y)∈D g(y,MSi

π
(x)).

Thus, by (7), it can be written as:

Figure 1. Proposed scheme (The master shares the eval-
uation dataset with each processing node j by sending

P1(βj), . . . , Pb(βj). At each round, each client trains a local

model and sends it to the processing nodes. Then, process-
ing node j computes the coded contribution of each client

for permutation πk and sends them back to the master by
Q1(βj), . . . , QN (βj). Finally, the master interpolates these
polynomials and computes the contributions)

v(Si
π) =

a∑
j=1

b∑
l=1

Qi,l(αj) =

a∑
j=1

Qi(αj) (8)

where Qi(x) =
∑b

l=1 Qi,l(x),∀i ∈ {1, 2, . . . , N}.
Then, each node j computes Qi(βj) = Qi,1(βj) +
· · · + Qi,b(βj) and sends it to the master. Due to
the linearity of LCC, one can see that Qi(αj) =
Qi,1(αj) + · · · + Qi,b(αj) for i ∈ {1, 2, · · · , N}, and
j ∈ {1, 2, . . . , a}.

Finally, for each permutation πk the master inter-
polates the polynomial Qi(x) for i ∈ {1, . . . , n}, and
computes the permutation payoff functions v(Si

πk
) =

Qi(α1)+ · · ·+Qi(αa) according to (8). Then, it com-
putes each node’s marginal contribution for the given
permutation as follows:

ϕ
(k)
i = [v(Si

πk
∪ {i})− v(Si

πk
)]

After computing these marginal contributions for
all π1, π2, . . . , πK , the master will announce ϕi ≈∑

k
ϕ
(k)
i

K as the contribution of client i according to
(6). Since we train the global model in T rounds, the
final contribution of each client would be the sum of
its contributions from each round.

The general scheme of the proposed algorithm is
depicted in Figure 1, and its pseudocode is available
in Pseudocode 1.

Now, we want to determine the number of process-
ing nodes required for the scheme. To interpolate the
polynomial Qi(x) of degree rs(a+ u− 1), the mater
must have its value on at least rs(a+u−1)+1 points.
Therefore, the total number of processing nodes must
satisfy M ≥ rs(a + u − 1) + 1. For instance, if the
FL model is linear and the goodness function is the
squared error on the evaluation dataset, then r = 1
and s = 2. In this scenario, we need at least 2a+2u−1
processing nodes. Moreover, according to LCC prop-
erties by adding S + 2A additional nodes, we can
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Pseudocode 1 Distributed Contribution-Based FL

Parameters: a, b
1: Initialization :
2: the master has an initial model M (0).
3: the master shares D with processing nodes by

LCC.
4: Training Rounds:
5: for t = 1 to T do
6: the master sends M (t−1) to the clients.
7: each client i computes local model M

(t)
i .

8: each client i sends ∆
(t)
i = M

(t)
i −M (t−1) to

the processing nodes.
9: the master generates K random permutations

π1, . . . , πK .
10: for k = 1 to K do
11: the master sends πk to the processing

nodes.
12: v(∅) =

∑
(x,y)∈D g(y,M (t−1)(x)).

13: for i = 1 to N do
14: processing node j computes Qi(βj).
15: node j sends Qi(βj) to the master.
16: the master interpolates Qi(x).
17: v(Si

πk
) = Qi(α1) + · · ·+Qi(αa).

18: ϕ
(k)
i = [v(Si

πk
∪ {i})− v(Si

πk
)].

19: end for
20: end for

21: client i contribution: ϕi(t) ≈
∑

k
ϕ
(k)
i

K .

22: the master aggregates ∆
(t)
i ’s and computes

M (t).
23: end for

make the system resilient to S stragglers and secure
against A adversaries, as mentioned in Section 2.

5 Evaluation of the Proposed Scheme

In this section, we compare the proposed method
with the previous ones in terms of security, privacy,
processing time, and computational complexity.

By calculating the computational complexity, as
explained in the appendix, we find that our scheme
has less computational complexity than the conven-
tional contribution-based FL, where the computa-
tions are not distributed. Moreover, we can optimize
the computation by adjusting parameters a and b.
In fact, a and b are design parameters for balancing
the computations between the master and processing
nodes. For example, in cases where the model is too
complex, the computational complexity of processing
nodes dominates that of the master. In such cases,
we set b = 1 to reduce the algorithm’s complexity,
which is equivalent to coding the entire dataset D in
a single polynomial. Additionally, in cases where the
number of processing nodes is limited, we can adjust

a to satisfy M ≥ rs(a+ u− 1) + 1, which is equiva-
lent to increasing b and the master’s computational
complexity. In another simple scenario, we can set
a = b =

√
n. In this case, the computational com-

plexity of the master for decoding the contributions
is approximately O(KNrs

√
n(log rs

√
n)2) and the

computational complexity of each processing node
is O(KNw

√
n) at each round (refer to the appendix

for more details). Therefore, the total complexity
is around O(TKNrs

√
n(log rs

√
n)2), which is much

more efficient than the conventional SV computation
(O(KNwn)) in terms of n. However, the complexity
is linear in terms of N , which could still be high in
large systems with numerous clients. Hence, reducing
the complexity to a sublinear level in terms of N is a
subject for future research.

The privacy-preserving proof of this work for the
evaluation dataset is attributed to the privacy of LCC.
According to [18], this sharing method is information-
theoretically private against u colluding node. In
contribution-based federated learning, the privacy of
local models is often not preserved since the contribu-
tions are computed based on them. The distributed
structure of our model allows clients to encode their
local models before sending them to processing nodes.
For example, consider one of the model’s coefficients
as g. A client can encode it with a polynomial of
degree u like G(x) using LCC, such that for j ∈
{1, 2, . . . , a}, G(αj) = g. Then it sends G(βj) for pro-
cessing node j. After that, the processing nodes con-
tinue the computation using G(βj) instead of coeffi-
cient g in the main algorithm. Thus, we are also able
to preserve the local models’ privacy.

As mentioned earlier, our system is private against
colluding nodes, resilient against stragglers, and se-
cure against adversaries who may send wrong an-
swers. However, there may still be byzantine clients
who send incorrect model updates, causing deviations
in the global model coefficients. This impact can be
mitigated by omitting the gradient update vectors
that significantly differ from others using algorithms
like k-rum [19]. However, in contribution-based feder-
ated learning systems, detecting byzantine clients is
straightforward, as their contributions are very small
or even negative. Thus, after computing contributions,
the master can easily identify and exclude byzan-
tine clients during aggregation, making the proposed
scheme resistant to byzantine clients, as noted in [20].

Remark 1. This method was designed for polyno-
mial FL models, such as linear regression with polyno-
mial goodness functions. However, it can be applied
to more general cases using polynomial approxima-
tion. For instance, if the goodness function is defined
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by the absolute error between evaluation dataset la-
bels and predicted labels by a trained model, i.e.
g(y, ŷ) = −|y− ŷ|, assuming that the model output is
uniformly in [−1, 1], a 6th-degree approximation func-
tion −3.076x2 + 4.512x4 − 2.514x6 can be obtained
through squared error minimization. There are some
approaches to approximating a learning model with a
polynomial. For example, [21] employed polynomial
approximation of logistic regression by least square
estimation of the sigmoid function to train the model
in a distributed manner. However, polynomial ap-
proximation of complex models results in high-degree
polynomials, which subsequently slow down the de-
coding phase and increase the number of processing
nodes. Hence, designing an efficient SV computing
method for non-polynomial models is a task for fu-
ture research.

Remark 2. In this setting, we separate processing
nodes from the clients. In cases where the clients
have acceptable processing power, there is no need for
additional processing nodes, and the computations
can be performed by the clients. Since the data sent to
the nodes is encoded using LCC, there is no concern
about information leakage, and the clients cannot
obtain any information about the evaluation dataset
from the encoded data.

Remark 3. According to references [14, 17], SV has
various applications in different areas of machine
learning, such as feature selection and attack de-
tection. Our proposed method can be implemented
in these applications to enhance computational effi-
ciency. Additionally, there are different architectures
of Federated Learning, noted in [22]. For instance, sev-
eral recent studies have leaned toward decentralized
architectures that eliminate the need for a central
server. Therefore, developing an efficient contribution
assessment based on SV in such architectures could
be an intriguing direction for future research.

6 Conclusion

This study introduces a contribution-based federated
learning scheme that efficiently computes a learning
model and clients’ contributions compared to existing
methods. Computing clients’ contributions is essential
for ensuring their reliability, as they are incentivized
to use real datasets. To expedite the contribution com-
putation, we privately distribute the master’s dataset
using LCC. We evaluated the proposed scheme in
terms of computational complexity, processing time,
privacy, and handling byzantine clients, in comparison
to existing schemes. Finally, we highlight the impor-
tance of reducing complexity in terms of the number

of clients, SV computation for non-polynomial mod-
els, and evaluating SV in decentralized architectures
as potential future research directions.
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A Computational Complexity of the
Algorithm

In [23], it is shown that the computational com-
plexity of interpolating a polynomial of degree q is
O(q log q2 log log q). Also, evaluating the polynomial
at q points requires the same computation complexity
as interpolation. Therefore, evaluating a polynomial
at M points has a complexity of O(M log q2 log log q).
To compute the total complexity of the scheme, we
have to calculate the complexity of each part sepa-
rately:

• In the sharing phase, the master interpo-
lates polynomials P1(x), . . . , Pb(x) of de-
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gree d = a + u − 1 with computation
complexity of O(bd log d2 log log d). Then
for j ∈ {1, 2, . . . ,M} it calculates the
value of them on βj and sends them to
processing node j with a computational
complexity of O(Md bd log d2 log log d) ≃
O(rsb log d2 log log d).

• In the contribution assessment phase, in each
round, for each permutation k and each client i,
each processing node j computes model MSi

πk

output on their b data points and calculates
the values of Qi,1(βj), Qi,2(βj), . . . , Qi,b(βj). As
the model complexity varies in different ap-
plications, we denote it as O(w). So, process-
ing nodes’ computations have a complexity of
O(wb).

• In the contribution assessment phase, in each
round, for each permutation and each client,
the master interpolates polynomial Qi(x) of
degree rsd with a computational complexity of
O(rsd log rsd2 log log rsd).

This complexity analysis is summarized in Table A.1.

The sharing phase is implemented once at the
beginning to share the evaluation dataset, whereas
the last two items must be implemented several
times, in each round, for each permutation and
each client (TKN times). So, the last two phases
are computationally dominant with complexity of

Table A.1. computational complexity: since d ≃ a and ab = n

is constant, the computations between master and processing

nodes can be balanced to speed up the process.

computation

master (sharing phase) O(rsb log d2 log log d)

master (contribution assessment phase) O(TKNrsd log rsd2 log log rsd)

processing nodes O(TKNwb)

O(TKN max(wb, rsd log rsd2 log log rsd). Since ab =
n is constant, we can choose a and b to minimize the
complexity. If we relax the problem to minimizing
O(TKN max(wb, (rsd)2), under the assumption of

d ≃ a, the optimal solution is O(TKN(rswn)
2
3 ) by

setting a = (wn/rs2)
1
3 and b = ((nrs)2/w)

1
3 .

In conventional Shapley value-based contribution
assessment methods, in each round, for each permuta-
tion and each client, the master computes the model
MSi

πk
output on n data points and computes v(Si

πk
)

through (5), which has a complexity of O(TKNwn).
For large n, we conclude that the proposed scheme
is significantly faster than the conventional Shapley
value contribution-based FL. Additionally, it is pos-
sible to further accelerate our model at the cost of
additional processing nodes. This can be achieved
by partitioning D into multiple groups, with each
group’s computations handled by a distinct set of
processing nodes.
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